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Thermoelectroelastic moduli of textured piezoelectric polycrystals: Exact
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Conditions are given for the existence of exact solutions for the effective thermal and electroelastic
moduli of polycrystals exhibiting fiber texture. The exact solutions are then developed through the
consideration of a class of uniform fields in a polycrystal acted upon by various external thermal and
electroelastic loadings. These exact results are verified by direct orientational averaging that shows
the coincidence of the Voigt and Reuss bounds on the overall modulil9€9 American Institute

of Physics[S0021-897@9)03317-4

I. INTRODUCTION grains have a common crystallographic axis aligned normal
to the film plane. This study is concerned with the connec-
This work is motivated by the increasing interest in pi- tion between the characteristics of this microstructure and the
ezoelectric and ferroelectric thin and thick films for a wide gyerall linear thermal and electroelastic moduli of the film. A
range of technological applications, and the realization of thgound theoretical understanding of such microstructure-
importance of miCFOStrUCtural details on the OVera.” proper'property re|ations is especia”y important because measure-
ties of the films. Ferroelectric films are applied in electronicment of properties is often difficult for films. Such studies of
and electro-optic devices. Because of their high dielectrighe effective moduli of piezoelectric polycrystals are rela-
constants and breakdown voltages, Bagfiilns are the best tjyely limited.5~7 Because of the columnar grains and prefer-
storage dielectrics for ultralarge-scale integrated memorgntial orientation, the microgeometry of piezoelectric thin
devices. Preferentially oriented bulk bismuth titana®IT)  fiims is relatively simple and permits exact solutions for cer-
films have received substantial attention for their applica'tain Components Of the overa” modu“ under some Condi_
tions in high temperature piezoelectric and integrated semijons. By exact solutions we mean instances where certain
conductive deViceg.FerroeleCtriC piezoeleCtriC transducer po'ycrysta' modu" Coincide W|th the Corresponding Sing|e_
(PZT) films, because of their attractive piezoelectric and py-crystal moduli. The development of such exact results is the
roelectric properties, are used in nonvolatile memories, thefgpjective of this study. As such, it shares the spirit of the
mal and ultrasonic image sensors, and surface acoustic wav@,dies of Benvenistewho obtained exact connections be-
filters? tween polycrystal and crystal properties in two-dimensional
A prominent microstructural characteristic of many film piezoelectric polycrystals composed of single crystal of class
systems is a columnar grain structutéghly oriented long 2 mm) and Kroner and WawPawho obtained conditions for
needle-like grains Sakashitaet al® reported the fabrication the coincidence of bounds in two-dimensional elastic poly-
of PZT films with the tetragonal perovskite structure andcrystaly. Indeed, some of the results obtained here can be
[00] texture. Stemmeet al* studied domain configurations obtained from Benveniste's exact connections. In Sec. Il we
in epitaxial ferroelectric PbTiQfilms, where domains with  present the basic equations and notation used throughout.
the x3 axis parallel and normal to the substrate surface wererhe exact solutions are derived in Sec. I, and then validated
observed. A highlyc-oriented BIT film was obtained on a py direct orientational averaging to obtain Voigt and Reuss
silver foil, and was characterized by x-ray diffraction and pounds that coincide in Sec. IV. Closed-form expressions for
transmission electron microscopy; no evidence of grain orithe Voigt and Reuss averages, are also presented in Sec. IV
entations other thaf001] was found for one- through ten- for cases when exact solutions do not exist. Finally some
layer films, however, when the number of layers was greatejmplications of the results along with some numerical results
than ten, thé200] orientation was dominatThe preferen-  are presented in Sec. V. We note that although we only con-
tial orientation in the{200] direction is very attractive be- sjder linear response, the results obtained here serve as a
cause the largest value of spontaneous polarization lies iﬂgorous starting point for the study of more complicated

x1—x3 plane and in the, direction. o nonlinear electroelastic constitutive response of ferroelectric
It is clear that piezoelectric and ferroelectric films often fjjms.

exist as polycrystals with a fiber texture where all of the

Il. BASIC EQUATIONS AND NOTATION
dCurrent address: Center of Excellence for Advanced Materials, University We consider the piezoelectric, and thus inherently a.ni.SO'
of California, San Diego, California. tropic, analog of the uncoupled theory of thermoelasticity,
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TABLE I. Restrictions on the electroelastic moduli of a piezoelectric crystal that result from rotational sym-

metry about thec; axis.

Crystal Example Elastic Piezoelectric Dielectric
symmetry crystals constants constants constants
Twofold Rochelle S14= S15= S4= Sp5= Sz d;=d,=d3=d1g=dy T13= To3=0

Salt, = S35= S46= S56= 0 =0gp=0y3= dpe=d34=d3s5
TGS =0

Threefold LiNbG, S16= Sp6= Sz4= S35= Szs d13= dp3= 3= 5= g T12= T13
=S5,5=0, =0, =753=0,
S11=Sp2, S13= 53, d31= 03, 4= —dys, T11= T22
S44= Ss5, 2514= Sse, dis=dy4, 2d;3= —da,
2S35= Sy, 2554= — Sge, 2dyp=dys, 2d2= —dyg,
2S;5= — Sy, da1=—da
Se6= 2(S11~ S12)

Fourfold BaTiQ, S14= S15= Sp4= Sp5= Sas dyy=dp=diz=dye=dy T12=T13

PbZrQ, = S35= S36= Sys= Sue = 0= dp3= dpe= d34=d3s =723=0,
PbTiO, =S,=0, =d3=0, T11= Tp2
S11= Sz, S13=S3, dy4= —dys, dis=0day,
S44= Ss5, S16= — S dzn=ds,

Sixfold S14= S15= S16= Sp4= Sp5 dyy;=dp=diz=de=dy T12= 713
= S26= S34= Sz5= Sz =0g=0y3= dpe=d3s=d3s =723=0,
= S45= S46= S56=0, =d3=0, T11= T22
S11=Sp2, S13= s, dy4= —dys, dis=day,

Sy4= Sss, dz=ds,

Se6=2(S11~ S12)

where the electric and elastic fields are fully coupled, butelectroelastic field variable®, andQ are 9X9 matrices rep-
temperature enters the problem only as a parameter throughsenting the electroelastic moduli, ahdand IT are 9x 1

the constitutive equations. The field variables and materiatolumn vectors representing the thermal moduli. The consti-
moduli are represented either by conventional indicial notatutive Egs.(1a) and(1b) can then be rewritten as:

tion or by bold characters. The constitutive equations for the
stationary linear response of a piezoelectric solid with gen-

eral anisotropy can be expressed as:
Ep: Spqo-q+dpkEk+ Ap®,

X=PY+TO,
Y =QX+IIO.

()

By choosing different independent variables, other represen-

Di=diqoq+ TikEx+ %0, (18 tations can be realized. Wg. adopt _the current repre;entation
) , _ because it leads to a positive definite energy function and
or in an inverse form: moduli matricesP and Q, which are advantageous for the
0p=Cpq€q— hpkDik+ 1,0, development of variational boundS.
(1b) Assuming statistical homogeneity of a heterogeneous

Ei=—higéq+ BikDi+ piO. solid subjected to external loading consistent with the uni-
In Egs.(1a and (1b) o, and €, are the elastic stress and form fieldsY° with ® =0, the effective electroelastic moduli
strain, respectivelyD; and E; are the electric displacement P* can be defined as:
and field, respectively5,, diq, andr are the elastic com- (X)y=P*(Y) 4)
pliance tensofmeasured in a constant electric figlthe pi- '
ezoelectric tensor, and the dielectric tengmeasured at a where (-)=[(-)dQ(6,¢,¢) denotes an orientational vol-
constant stregsrespectivelyA, and y; are thermal expan- ume average. Due to linearity:
sion and pyroelectric coefficients, respectively, &ds the
temperature change with respect to a reference temperature. Y(6.0.4)=A(0,0,4)Y°, )
The well known contracted notation for tensors is adoﬁted.where(o,(p,¢) are Euler angles that describe the orientation
We introduce the matrix representation for these quantitiesof a grain in the polycrystalsee, for example, Roé! and

€ o s dt C —ht A(6,¢,¢) are the concentration tensors for a grain at the ori-
X= D Y= E} P:[d T =l _q B entation(6,¢,¢). Substituting Eq(5) into Eq. (4), combined
with the constitutive Eq(3) for individual grains at different
A A orientations, and the average field theorems for heteroge-
= { v = { p|’ 2 neous piezoelectric solidéthe effective moduli can be writ-

n as:

P*=(P(6,0,$)A(0,¢,¢)). (6)

e te
where the superscrigtis used to denote the transpose of
matrix, X andY and 9<1 column vectors representing the
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TABLE Il. Restrictions on the thermal and electroelastic moduli for the existence of uniform thermoelectroelastic fields under various loadings.

Loads Elastic Piezoelectric Dielectric Thermal Symmetry
oy Or S11= S5, S13=Ss3, d3;=dz=d;;=dj, None None sixfold
02 Se6=2(S11~S12), =dy=dyp=dis=dzs
S14= S15= S16= S =d3=0
= S35= Sp6= S36= Sus
=S56=0
o3 S135=S3, S3=0 None None None six, four, threefold
o4 Or Sy44=Ss5, S14=S15= Sy dis=dys, diu=—dys None None six, fourfold
05 = Sp5= Sus= Sus= Sse
=0
g S11=S5,, Si13=S,3, d3;=ds3,, di;=dy,, None None sixfold
Se6=2(S11~ S12), dy=dy, dis=d2e
S14=Sz4+ S15= S5, =d3=0
S16= Sp6= S36= Sus
=S56=0
E; or None dys=dy,, diy=—dys, T11= T2, None six, fourfold
E, dyy=dyp=dy=dy; 712=0
=d16= =0
= None d3;=ds3,, d3g=0 None None six, four, threefold
(¢} None None None A=A, six, four, threefold
Ag=0

P(6,¢,¢) are the electroelastic moduli of a grain at orienta-
tion (0,¢,¢) expressed in the globdabkpecimen coordinate o . L .
system. It is clear from EQq6) that estimation of effective :;he phys:ccta;: |m;t)l|cat|on(;)f tlhlsta_\ssfgrlr;ptlzn |s|that_ n(:hdlsturl-

moduli depends on the estimation of the concentration ten2ances ot the stress and electric Tields develop in the poly-

. L _ tal due to the temperature change.
sors A(6,¢,4). The simplest assumption &(6,¢,¢)=1, V3 _
where in matrix notation is the 9x9 identity matrix. This Equations(?), (8), and(11) are exact when the electro-

amounts to assuming that the stress and electric field al%Iastic fields in the polycrystal caused by the external loading
uniform in the polycrystal and leads to: are uniform. Equation§7) and(8) are the piezoelectric ana-

log of the Voigt and Reuss averages for heterogeneous elas-

P*=(P(0,¢,9)). () tic solids!** Using a minimum potential theorem and the

Analogously, by assuming(6,e,$)=B(6,¢,4)X°, and POSitive definiteness @, Li and Dgnﬁ have shown that the

letting B(6, ¢, ¢) =1, we find: Voigt and Reuss estimates provide upper and lower bounds
P*=(P"Y(0,0,4)) ",

for the effective electroelastic moduli of heterogeneous pi-
where the superscript-1 denotes matrix inversion.

ezoelectric solids. When there is an exact solution for the

electroelastic moduli, the upper and lower bounds will then

On the other hand, when the heterogeneous solid is sulsoincide. In Sec. Il we pursue the conditions that lead to

jected to the temperature chan@ewith Y°=0, the effective ~ uniform electroelastic fields, and then exact solutions for the

thermal moduli can be defined by: effective moduli, under various thermoelectroelastic loading.
(X)=I*0. 9

Introducing thermal concentration factoasé,¢,¢) defined
by Y(0,¢,¢)=a(0,¢,$)0, the effective thermal moduli
can be expressed as:

I*=(I'(0,¢,4)). (11)

8

[II. CONDITIONS FOR UNIFORM FIELDS AND EXACT
SOLUTIONS

We consider piezoelectric polycrystals with a fiber tex-
ture where all grains have the same symmetry axis aligned
*-

I*-(P(0,¢.4)a(0.¢.4)+T(0,¢,9)). (10 along thexs direction(normal to the plane for a planar film
This is achieved by substituting the constitutive E).into  For this class of materials, the individual grains respond in
Eq. (9), combined with the average field theorems. The simexactly the same way to the applied loading under certain
plest assumptioa( 8, ¢,¢) =0 yields: conditions, regardless of their orientations, so that the elec-

TABLE lIl. Exact solutions for the thermoelectroelastic moduli for polycrystals with rotational symmetry
around thex; axis.

Symmetry Elastic Piezoelectric Dielectric Thermal
Sixfold All All All All

Fourfold  S;3=Sys, Ss5=Su, Sgz d1s= — g5, dis=0z4, dz1=dszp, A3z T11= 720, 733 A;=Ay, Ag
Threefold  Sy3=Sy3, Si3 dz=ds;, dg3 T33 A=Ay, Ag
Twofold None None None None
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troelastic fields in the polycrystalline are uniform, and thecan be obtained from Ed12). The resulting electroelastic
effective thermoelectroelastic moduli can be found exactlyfields are invariant under the rotatianaround thexs direc-

To pursue the conditions for such uniform fields, consider dion if, and only if, the thermoelectroelastic moduli involved
single crystal, possessing a six, four, three, or twofold symin a particular loading do not change under such a rotation,
metry axis parallel to the; axis. The rotational symmetries so that they are identical before and after the tensor transfor-
of such a single crystal place restrictions on the electroelastimation. Here we demonstrate the derivation of these condi-
moduli, which are summarized in Table I. The restrictions ontions for external loads;, E;, and®. For all other cases,
the thermal expansion coefficients are the same as those only the final conditions are given and these are summarized
the dielectric constants and the only nonzero pyroelectriégn Table Il. The exact solutions for the effective electroelas-
constant isy;. As a result, for crystals possessing six, four,tic moduli under a particular rotational symmetry are then
three, or twofold symmetry, the constitutive E8) can be  summarized in Table Il

reduced to:
B € 7 A. Case 1: Applied o,
€ When onlyo is applied, Eq(12) shows that the corre-
€3 sponding strains and electric displacements are connected to
€4 o1 by Si1, Si2, Si3, Sia, Sis, Sy dig, dpp, @andds;.
€ These constants are invariant under a rotation aboukshe
€6 axis if the following equations, derived from the transforma-
D, tion laws for 4th and 3rd rank tensors, are satisfied:
D, S;i(cost a— 1)+ S,,sin® a+ (2S;,+ Sge)COS a Sirf a
[ Ds) +2 cosa sina( S50 a+ Syesir? a) =0,

2(S,6— S16)C0S 2w+ (Syy+ Spy— 2S,,— See)Sin 2a=0,
S36 COoSa + (523_ 313)Slna= O,
514(CO§ a— 1) + (846_ S]_5)CO§ asina+ (824_ SSG)Sinza

X cosa— SysSin® a=0,

= 815 825 0 845 855 S56 d15 d25 0 815( COS'3 a— 1) + (Sl4+ 856) CO§ o Sin a+ (825+ S4G)Sin2a
Si6 S Sss Sse Ss6 Ses i Uos g X coSa+ Sy Sim a=0,
diy diz 0 dyy dys dig 713 722 O S1e(c0g a— 1) — Sygsin® a+ 3(S,e— Sy6) O a Sir a

+ cosa sina[ (Sget 2S;,— 2S;1)C0S «
—(Sg+2S1,— 2S,)sir? a]=0,

o A

Ui A; dq4(cos a—1)+d,,sin® a+ cosa sin a

o3 Az X [(d+ dyy)cosa+ (di,+dyg)sina)] =0,

Oy 0 _ _ . .
| oc|+] 0o (12 dyy(coS a—1)—dy,Sin’ a+ cosa sin a

06 Ag X[(dgg—dip)cosa+(dy—dig)sine)] =0,

Ei 8 (d32_ d31)Sina+d36COSa=0.

Es 3 In order to satisfy all of these conditions for any angleone

- T can easily verify that it require$;1=Sy5, Si3=Ss3, Sgs

We now consider simple thermoelectroelastic loadings=2(s,,—S,,), S14= S15= S16= Sou= So5= Spe= Sz6= Sus

of the polycrystal, where only one of the te}, E;, or®is  =5..=0, dj;=ds,, and dj;=d;p=dy;=dpo=0d15=d0g
nonzero, and determine under what conditions the corre=q,.=0. This requires that the crystal possess sixfold sym-
sponding strain and electrical displacement states in indimetry around the, axis. Four, three, and twofold symmetry
vidual grains are invariant with respect to a rotatiwabout || not satisfy all the conditions. As a resuf;;, Si», Sia,

the x3 direction of the grain. Since all grains have the sameandd,, are exact in a polycrystal composed of crystals with

symmetry axis aligned along thg direction, this invariance 3 sixfold symmetry axis aligned in the, direction.
means that all grains respond in an identical way to the ex-

ternal loading. In such a situation, the grains do not disturbB c 2 Applied E

each other, so no elastic and electric field fluctuations de-" ase <. Applie 1

velop. The corresponding strain and electrical displacement When onlyE; is applied, the corresponding strains and
developed in the grains under a particular external loadinglectric displacements are connectedefoby dq;, dqo, dyg,
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dys, dig, 711, and7,. These constants are invariant under aelectric constants are satisfied. The thermal expansion coef-
rotation about the; if the following equations, derived from ficientsA;=A,, however, are still exact, since the coupling
the transformation laws for second and third rank tensors, areetween the thermal and electric field is one-way, i.e., the
satisfied: thermal field induces an electric field, but the electric field
dy5(cos a—1)+d,,sin’ a does not influence the thermal field.

+cosa sina[ (dg+ dyq)cosa+ (dqotdyg)Sina)] =0

di(coS a—1)+dy St a IV. ORIENTATIONAL AVERAGES AND ELEMENTARY

+ cosa sina[ (dy,—dq6) coSa+ (dy;— dyg)Sina)] =0 BOUNDS

In the previous section we showed that exact solutions
exist for some of the thermoelectroelastic moduli of poly-
(dyatdys)cosa+ (dyy—di5)Sina=0, crystals with fiber texture. In this section, we develop expres-

. . sions for bounds on these moduli under more general condi-
d16(COS’ 1)~ dpesin’ a+ cosa sinal (dg+ 2d12-2d11)  fiong when exact solutions do not exist. We show that the

(d24_ d15)COSa— (d14+ d25)Sinoz= 0,

X cosa— (dyg+ 2d,,— 2d5,)sina] =0, bounds coincidéwith each other at the exact solutionhen
_ the criteria of the previous section are satisfied. To proceed,
2715C0Sa+ (72— T11)SIN@=0, we describe the orientation distribution of grains in the poly-

crystal by an orientation distribution functiofODF)
w(¢,0,0), whereé=cos6, andé, ¢, and¢ are Euler angles
These conditions are satisfieddfs=d,4, di4=—dzs, di1  describing the orientation of a grain. The orientational aver-
=d1p=dy=dyp=d1g=d26=0, 711= 72, and7;,=0, which  age of a single crystal tensorial propeHyweighted by the
requires that the crystal possess six or fourfold symmetr\HpF is given by:

around thexs axis. Three and twofold symmetry will not o o 1

satisfy all the conditions. As a resutt;s, d,,, and 7, are :J' ’Tf ”j

exact in polycrystal composed of crystals with a six or four- (H) o Jo 71H(§,(p,¢)W(§,(p,¢)d§d<pd¢), (13

fold symmetry axis aligned in the; direction.

2T12$in a+ (7'11_ 722)C05a= 0.

whereH(&,¢,9) is the single crystal value df expressed in
the sample coordinate system. To evalugdte, we follow
C. Case 3: Applied © Roe'! and expandw(é,¢,¢) and H(,¢,¢) in a series of

When there is only a temperature change applied, thgenerahzed associated Legendre functions:
corresponding strains and electric displacements are related == '
to ® by A;, A,, As, Ag, and y3. These constants are w(§,¢,¢)=z 2 E WimnZimn( £)e"Mee™In9
invariant under a rotation about tkxg axis if the following m= (14
equations, derived from the transformation laws for first and
second rank tensors, are satisfied: =

m=l n=I
H(é, 0, ¢)= Z 2 2 HimeZima(§)e™ e,
(15

These are satisfied =0 andA,=A,, which requires S()erzgzénr;,a(g) are the generalized associated Legendre func
that the crystal possess six, four, or threefold symmetry. As a
result,A;, A5, andy; are exact in polycrystal composed of 1 (2= (27 (1
crystals with a six, four, or threefold symmetry axis aligned _mf J f W(&,¢,9)
in X5 direction. o

For polycrystals composed of single crystals with a six- X Zimn( )€™ ?déded o, (16)
fold symmetry axis aligned along the samplgaxis, all of o fom (1
the effective thermoelectroelastic moduli are exact, and are = — f f f H(& @, )
equal to the single crystal values. As a result, rigorous upper 4n? -1
and lower bounds on the electroelastic moduli should coin- imo~in
cide. For polycrystals composed of single crystals with a X Zimn( )€€ *déded (7
twofold symmetry axis aligned along tixg axis, none of the are the coefficients of the series. The texture coefficients
effective moduli are exact. For four and threefold symmetry W,,,, are thus sufficient to describe the orientation distribu-
a subset of the material moduli are exact. This is the casgon function of the grains in the polycrystalline aggregate.
regardless of the overall symmetry of the polycrystal. It isNormalization of the ODF results iWqo,= 1/4/272. Using
worthwhile to mention that for threefold symmetry;;  Egs.(14) and (15), and taking into account the orthogonal
= 7,, iS exact if the piezoelectric effect is absent. When pi-property on,mn(g) Eq. (13) can be written as:
ezoelectric effects exist, constraint on the piezoelectric con-
stants wherk, or E, is applied are not satisfied by crystals 2
with threefold symmetry, even though constraints on the di- (H)=4m Z’ m—E | n; HimnWimn- (18

8

Agcosa+(A,—A;)sina=0,

Agsina+(A;—Aj)cosa=0.
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HereR is the rank of tensorial property. The range on the orientation distribution in thex;-x, plane, we compute the

first summation results because only the fRderms in the texture coefficients according to E(L6). For this purpose

series expansions of Eq4.6) and(17) need to be considered let us assume an arbitrary distribution functi() in x;-x,

in averaging a tensorial property of raf® plane, wherep is the angle betweeK; of the local crystal
Let us now focus on polycrystals with a fiber texture, butsystem and; of global sample system. The ODF can then

otherwise arbitrarily oriented in the,—x, plane, composed be written as:

of 2 mm single crystals with electroelastic and thermal

moduli of the following form: W(é @, 9)=0(E§-1)f(¢), (20

whered(&é—1) is the Dirac delta function used to denote the

Su S S3 000000000 dy perfect alignment of the grains. The only restrictionsf o)
S2 S S35 0 0 0 0 0 dyp is that it is normalized and must satisfy the sample and crys-
Sz Sz S33 0 0 0 0 0 dg tal symmetry element¥. Substituting Eq(20) into Eq. (16),
0 0 0 Su O 0 0 dy O we obtain the following nonzero texture coefficients:
O O 0 0 855 O d15 0 0 B \/3_/2 B \/5_/2
0 0 0 O 0 S 0 0 0 Wigo=4 2+ Waoo=4 =
0 0 0 0 d15 0 T11 0 0
0 0 0 dy 0 0 0 7 O W V712 RCE
[ d3; d3p d3z O 0 0 0 0 733 3007 4772 4007 4720
M AL \V5/2 (27 .
Ai Wooo= szzzm . f(¢p)e'??dg,
Aj (21)
0 V712 2n .
and| O (19 Wazo=Wsz=7—= . f(¢p)e'??de,
0
0 V92 (2w "
0 Wio= WAZ:W . f(¢p)e'??de,
L 73
This structure represents a broad class of piezoelectric crys- V92

27 .
W444:W4ﬂ:mf f(p)e'*¢dg.

tals, where point groups 4 and 6 mm are special cases. Now, 0

we assume that the polycrystal exhibits overall orthorhombic
symmetry. For this combination of crystal and polycrystalinterestingly,W;o9, Wagg, W3gg, andW,qo are independent
symmetry, the nonzero independent texture coefficients aref the texture in the;-x, plane. Equation§21) can be used
only Wigo, Wogo, Waooo, Wagg, Wasy, Wyg9, Wyy,, and  with the results in Table IV to compute the electroelastic
W_44. With this crystal and polycrystal symmetry, we com- moduli. For 2 mm crystals where there is only a twofold
puted the Voigt and Reuss averages for the effective moduBymmetry axis, there are no exact solutions available accord-
P andQ of Eq. (2) which are upper and lower bounds Bn ing to Table Ill. This can also be verified by E1) and
and Q. When the solution for a component of the effective Table 1V, since the Voigt—Reuss upper and lower bounds do
moduli is exact, the Voigt and Reuss bounds coincide. Theot coincide. For a polycrystal composed of 4 mm tetragonal
Voigt and Reuss averages for the effective electroelasticrystals so that there is a fourfold symmetry axis, all of the
moduli are tabulated in Table IV. The averaging scheme fothermoelectroelastic moduli are exact, exc8pt and S,
the thermal expansion coefficients is the same as that faaccording Table Ill. This is also evident from the results of
dielectric constants. The average value for the pyroelectrithe Voigt—Reuss averages summarized in Table IV and the
coefficient is y5 =42/37%y3W;0o. When W,,,=0, the texture coefficients in Eq21). The upper bound of was
material is isotropic, and there are no piezoelectric or pyrocalculated directly using the Voigt averages. The lower
electric effects. These effects are also absent when thieound onP was calculated by inverting to obtainQ as a
sample possesses a center of symmetry which results function of P, computing the Reuss average@fand finally
W, 00= W300= W32,=0. The orientational averages in Table inverting these results to obtain the lower bounds. We veri-
IV can be used to estimate the upper and lower bounds dfed that all of the bounds do indeed coincide and recover the
electroelastic moduli of polycrystals with fiber texture. single crystal values, except f@;; and Sz, regardless of
The derivations of the nonzero texture coefficients for athe texture inx;-x, plane, i.e., the value ofV,5,, Wsoo,
polycrystal with a fiber texture deserve more discussion. FO¥W,5,, andW,,4,4. When the constituent crystals exhibit 6 mm
polycrystals with a fiber texture along, the texture coef- symmetry, the upper and lower bounds 8r and Sgg also
ficients depend on the texture in tike-x, plane. Given the coincide, regardless of the texture in theXx, plane.
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TABLE IV. (& Elastic moduli of an orthorhombic polycrystal with a fiber texture in terms of single crg&tal
mm) moduli and the texture coefficients.

Elastic moduli

(S10)=Sh+ hWaggt kWapot 3iWaoq+ MWp5t Wiy,
(S12)= S0+ 2]Waogt iWa00— NWiygs,
(S13)= S} W IWazs— 41W 400~ MWy5,
(S22)=S1+ hWago— KWazot 3iW 00— MWipot Wiy,
(S23)= S35 |Wago— IWpp5— 4iIW 4001 MW,
(S33) = S31~ 2 Waog+ 8iW,g0,
(S1)=2(S)— S}) — (a—2€) Wopt (2~ d) Wapo— 160 Wiggt 4T Wiz,
(Ss5)=2(S}1~ 1) — (8= 2€) Wag— (26— d) Wazo— 160 Wyoo— 4F Wiz,
(Se6)=2(S31— S3) — (@~ 2€) WaggT 40 Wyo5— 49 Wiy,
(C10)=CH1+aWagqt dWoppt 80 Wagot F Wit Waas,
(C12)=Clyt 2cWogt b W05~ g Waas,
(C19)=Cl5— CWangt €Wapy— 4bWyoo— FWiy55,
(C22)=CH1+aWago— dWoppt+ 30 Wago— F Wt GWaas,
(C29) = Cy= CWang— € Whyp— 4b Wyt F Wiy,
(C39)=CY1—2aW,5H 8D Wigo,
c)—-cl a-2c 2e—d
(Cap= 5 7 Waoot —— Wazo— 4bWagot fWiz,

c?-cY, a-2c¢ 2e—d
<C35> = 2 4 WZOO_ 4 W222_ 4'bWAOO_ fW422!
c9—cl, a-2c

(Ceg= > T Wagot D Waoo— 9 Waas,

where
S31= (3S11+ 2812+ 2S5+ 3Syp+ 2855t 3Sast+ Syt Sest Sea) /15,
S7,=(2811+8S1,+ 815+ 28+ 8S,5+ 2555~ Sya— Sss— See)/30,
h=21072(6S,,+4S,,— 25,3+ 6S,,

—28,3— 12533~ S5~ S5+ 8S66) /105,
i =v272(3S1+ 2S;,— 8S15+ 3S,,— 8S,5+ 8Ss3— 45— 4Ses+ Sye)/210,
j =210m(Sy1+ 10S;,~ 5S35+ Spp— 2S5+ Syt Sss— 2Ss0)/105,
k=21072(6C11+2C15— 6Cpy— 2Cp3— Syut S50 /35,
| =2\107%(S;1+ S13— Spo— Spat Sas— Ss9)/35,
M= 2vV27%(Syy— 2815~ Spot 2855+ Sps— Se9)/21,
N=v2m?(Sy;— 2S5+ S~ See) /6,
C9,=(8C 4+ 2C1,+2C 5+ 3Cpy+ 2C 5+ 3Cq5+ 4C 44+ 4Css+ 4Cgg) /15,
CO=(Cy4+4C 1+ 4C 3+ Copt 4C 5+ Caz— 2C 44— 2Cs5— 2Cee) /15,
a=4107%(3C1,+2C1,— C15+3Cyp

—Cp3— 6Cg3— 2C 44— 2C s+ 4Cqq) /105,
b=v2m?(3Cy;+2C;,—8C;5+3Cy,

—8C 3+ 8Cg3— 16C 44— 16C 5+ 4Cgq) /210,
¢=2y107(C 14+ 10C1,— 5C 15+ Cpy— 2C 5+ 4C 4+ 4Css— 8Cqg) /105,
d=4\1072(3C 4+ C13— 3C,p— Cpg— 2C 44+ 2C52) /35,
e=2107%(Cy;+ C13— Cpp— Cpgt 4Cyy— 4Cse) 135,
f=2V272(Cy4— 2C 35— Cpp+ 2C 5+ 4C 44— 4Csd) /21,
g=v272(Cyy— 2C1,+ Cpy— 4Cg) /6.

(b) Piezoelectric moduli for an orthorhombic polycrystal with a fiber texture in terms of single ctgstal

mm) moduli and the texture coefficients.
Piezoelectric moduli

4 \/671'2 N 4 \/ﬁﬂ'z 4\/1—477'2

(dig) = 15 UWigg 35 VWigot TWW?,zzv

4.6 72 41472 414>

(dag) = 15 UWooo+ 35 vWang Twwszzy

4 \/6772 2 \/ﬂ/rrz 2 \/El'n'2

(dgp= 15 XWiggt 35 VW300+TWW3221

4 \/6 2 2 \/1—47'1'2 2 \/ﬂwz

(d3g)= 15 XWiggt 35 VWago TWW322-

4672 41472

(dsg)= 15 yWigo— 35 VWan,

\/6 2 2 \/plﬂ'z 2 \/ﬂﬂz

2
(hyg)= 15 pWigot 35 qVVaoo"‘TrWazzf

2 \@ 2 2 \/ﬂwz 2 \ﬂ’ﬂz

(hag) = pWigot QWapo— =57 W3y,
15 35 21
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4\J67? 21472

(hep = 15 SWigot 35 qWsogt

\/6772 2 \/ﬂﬂ'z

4
(hgg) = 15 SWiogt 35 qWsgo—

4 \/E’TTZ 4 \/ﬂ‘mz

(hgg) = 15 tWiog 35 qWaogo,

where

U= (3d,5+ 30— 203, 205y + 4d33) /12,

V=05t dps+dz;+dz—2d33,
W=d35—dystda;—ds,

X=(—d5—dyst+4ds;+4ds+2d39)/2,

y=di5+ dogt dgy+ dapt3das,

p=3h5+ 3Ny4—h3y— Nzt 2hgs,
g=2hq5+2hy,+hz;+hgo—2hss,

r=2h;5—2hys+hs;—hsy,

5= —hys— hyu+ 2hgy+ 2hap+ has,
t=2h5+ 2hp4+ hag+ hgp+ 3hgs.

322

322

(c) Dielectric moduli for an orthorhombic polycrystal with a fiber texture in terms of single crystal m@luli

mm) and the texture coefficients.

Dielectric moduli

21072 21072
1

(r)=7"+ 5 XWaoot

21072 21072

(r)=7"+ 15 XWaoo—

41072

(T3 = - 15 XWano

21072 21072

(Bi)=B"+ 15 oWooot

21072 21072

(B22)=p°+ 15 oW

41072

(Bsa)= ﬁo_ 15 oWoqo,
where

_Tut Tt 7
— 3
_ Tt T2 2733
— s
go— But Baot Bz
—3
Bt Bao—2B33
=

’TO

(T11— 722 Wasa,

(T11— 729 Wasa,

(Bllf ﬁ22)W2221

(Bll_ ﬁ22)W2221

To further demonstrate the results, consider a trans©One can readily verify that the upper and lower bounds co-
versely isotropic polycrystal composed of 4 mm single crys-ncide when 26,,— S;,) = Sgs, Which reduces the fourfold

tals. In this caseWy,,=Wa3p0=W,,5,=W,4,=0. The bounds

on S;; and Sgg can be expressed as:
2(S{1— St + (3S11— S12) See
2(281;— 2S5+ Sge)
6S11+ 2S5+ Sge
8 L

—4( S~ 51 e <(See)<S11~ Sio+ %-
2511~ 2815+ Sgp 2

<(Syp=

symmetry to sixfold symmetry, again consistent with the re-
sults of Table IlI.

Finally, we show some numerical results for piezoelec-
tric BaTiO; polycrystals having film textures. The electro-
elastic moduli of both materials and the corresponding
Voigt—Reuss averages are listed in Table V, where the single
crystal values of BaTiQare obtained from Berlincourt and
Jaffel® Only those effective properties without exact solu-
tions are listed, i.e.$;; andSgg. For those not tabulated, the
exact solutions recover the single crystal values. For the
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TABLE V. Electroelastic moduli of BaTi@single crystals and polycrystals with fiber texture. More general expressions for bounds and
with film textures. Units ofS; are Pa*? of d; are 10*2m/V, and of 7;;

9 ~2 N2 estimates on polycrystal properties in terms of single crystal
are 10° C°Nm-. . . -
moduli and the appropriate texture coefficients were also de-
Si Si Sis Sss Su Ses veloped. These were used to verify the exact solutions.
8.05 —-2.34 -5.25 15.72 18.42 8.84
dg; dag dis ™ Ta3 1S. B. Desu, Phys. Status Solidi 241, 119 (1994).
2Y. Lu, D. T. Hoelzer, W. W. Schulze, B. Tuttle, and B. G. Potter, Mater.
—34.50 85.60 392.27 25.79 1.46 Sci. Eng., B39, 41 (1996.
S s Sts Ske 3Y. Sakashita, H. Segawa, K. Tominaga, and M. Okada, J. Appl. Fys.
7857(1993.
6.56 5.95 14.84 12.41

4S. Stemmer, S. K. Streiffer, F. Ernst, M. Ruhle, W. Y. Hsu, and R. Raj,
Solid State lonic¥/5, 43 (1996.
5T. Olson and M. Avellaneda, J. Appl. Phy&l, 4455(1992.
Y. Benveniste, Proc. R. Soc. London, Ser4A7, 1 (1994.
. . . 7
components tabulated in Table V the bounds are quite tightM- L- Dunn, J. Appl. Phys78§, 1533(1995.

E. Kroner and H. H. Wawra, Philos. Mag. 28, 433 (1978.
and both the upper and lower bounds would seem to baJ. F. Nye,Physical Properties of Crystal€xford University Press, Ox-

reasonable estimates of the polycrystal property. ford, 1957.
103, Y. Li and M. L. Dunn, unpublished.
V. CONCLUSIONS 1R, J. Roe, J. Appl. Phy®6, 2024(1965.
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