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Thermoelectroelastic moduli of textured piezoelectric polycrystals: Exact
solutions and bounds for film textures

Jiang Yu Lia) and Martin L. Dunn
Department of Mechanical Engineering, University of Colorado, Boulder, Colorado 80309-0427

Hassel Ledbetter
Materials Science and Engineering Laboratory, National Institute of Standards and Technology, Boulder,
Colorado 80303

~Received 1 February 1999; accepted for publication 25 May 1999!

Conditions are given for the existence of exact solutions for the effective thermal and electroelastic
moduli of polycrystals exhibiting fiber texture. The exact solutions are then developed through the
consideration of a class of uniform fields in a polycrystal acted upon by various external thermal and
electroelastic loadings. These exact results are verified by direct orientational averaging that shows
the coincidence of the Voigt and Reuss bounds on the overall moduli. ©1999 American Institute
of Physics.@S0021-8979~99!03317-4#
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I. INTRODUCTION

This work is motivated by the increasing interest in p
ezoelectric and ferroelectric thin and thick films for a wi
range of technological applications, and the realization of
importance of microstructural details on the overall prop
ties of the films. Ferroelectric films are applied in electron
and electro-optic devices. Because of their high dielec
constants and breakdown voltages, BaTiO3 films are the best
storage dielectrics for ultralarge-scale integrated mem
devices.1 Preferentially oriented bulk bismuth titanate~BIT!
films have received substantial attention for their appli
tions in high temperature piezoelectric and integrated se
conductive devices.2 Ferroelectric piezoelectric transduc
~PZT! films, because of their attractive piezoelectric and p
roelectric properties, are used in nonvolatile memories, th
mal and ultrasonic image sensors, and surface acoustic w
filters.3

A prominent microstructural characteristic of many fil
systems is a columnar grain structure~highly oriented long
needle-like grains!. Sakashitaet al.3 reported the fabrication
of PZT films with the tetragonal perovskite structure a
@001# texture. Stemmeret al.4 studied domain configuration
in epitaxial ferroelectric PbTiO3 films, where domains with
the x3 axis parallel and normal to the substrate surface w
observed. A highlyc-oriented BIT film was obtained on
silver foil, and was characterized by x-ray diffraction a
transmission electron microscopy; no evidence of grain
entations other than@001# was found for one- through ten
layer films, however, when the number of layers was gre
than ten, the@200# orientation was dominant.2 The preferen-
tial orientation in the@200# direction is very attractive be
cause the largest value of spontaneous polarization lie
x1–x3 plane and in thex1 direction.

It is clear that piezoelectric and ferroelectric films oft
exist as polycrystals with a fiber texture where all of t

a!Current address: Center of Excellence for Advanced Materials, Unive
of California, San Diego, California.
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grains have a common crystallographic axis aligned nor
to the film plane. This study is concerned with the conn
tion between the characteristics of this microstructure and
overall linear thermal and electroelastic moduli of the film.
sound theoretical understanding of such microstructu
property relations is especially important because meas
ment of properties is often difficult for films. Such studies
the effective moduli of piezoelectric polycrystals are re
tively limited.5–7 Because of the columnar grains and pref
ential orientation, the microgeometry of piezoelectric th
films is relatively simple and permits exact solutions for c
tain components of the overall moduli under some con
tions. By exact solutions we mean instances where cer
polycrystal moduli coincide with the corresponding sing
crystal moduli. The development of such exact results is
objective of this study. As such, it shares the spirit of t
studies of Benveniste6 ~who obtained exact connections b
tween polycrystal and crystal properties in two-dimensio
piezoelectric polycrystals composed of single crystal of cl
2 mm! and Kroner and Wawra8 ~who obtained conditions for
the coincidence of bounds in two-dimensional elastic po
crystals!. Indeed, some of the results obtained here can
obtained from Benveniste’s exact connections. In Sec. II
present the basic equations and notation used through
The exact solutions are derived in Sec. III, and then valida
by direct orientational averaging to obtain Voigt and Reu
bounds that coincide in Sec. IV. Closed-form expressions
the Voigt and Reuss averages, are also presented in Se
for cases when exact solutions do not exist. Finally so
implications of the results along with some numerical resu
are presented in Sec. V. We note that although we only c
sider linear response, the results obtained here serve
rigorous starting point for the study of more complicat
nonlinear electroelastic constitutive response of ferroelec
films.

II. BASIC EQUATIONS AND NOTATION

We consider the piezoelectric, and thus inherently ani
tropic, analog of the uncoupled theory of thermoelastic

ty
6 © 1999 American Institute of Physics
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TABLE I. Restrictions on the electroelastic moduli of a piezoelectric crystal that result from rotational
metry about thex3 axis.

Crystal
symmetry

Example
crystals

Elastic
constants

Piezoelectric
constants

Dielectric
constants

Twofold Rochelle S145S155S245S255S34 d115d125d135d165d21 t135t2350
Salt, 5S355S465S5650 5d225d235d265d345d35

TGS 50

Threefold LiNbO3, S165S265S345S355S36 d135d235d345d355d36 t125t13

5S4550, 50, 5t2350,
S115S22 , S135S23 , d315d32 , d1452d25 , t115t22

S445S55 , 2S145S56 , d155d24 , 2d1152d26 ,
2S255S46 , 2S2452S56 , 2d125d26 , 2d2252d16 ,
2S1552S46 , d2152d22

S6652(S112S12)

Fourfold BaTiO3, S145S155S245S255S34 d115d125d135d165d21 t125t13

PbZrO3, 5S355S365S455S46 5d225d235d265d345d35 5t2350,
PbTiO3 5S5650, 5d3650, t115t22

S115S22 , S135S23 , d1452d25 , d155d24 ,
S445S55 , S1652S26 d315d32

Sixfold S145S155S165S245S25 d115d125d135d165d21 t125t13

5S265S345S355S36 5d225d235d265d345d35 5t2350,
5S455S465S5650, 5d3650, t115t22

S115S22 , S135S23 , d1452d25 , d155d24 ,
S445S55 , d315d32

S6652(S112S12)
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where the electric and elastic fields are fully coupled,
temperature enters the problem only as a parameter thro
the constitutive equations. The field variables and mate
moduli are represented either by conventional indicial no
tion or by bold characters. The constitutive equations for
stationary linear response of a piezoelectric solid with g
eral anisotropy can be expressed as:

ep5Spqsq1dpkEk1DpQ,
~1a!

Di5diqsq1t ikEk1g iQ,

or in an inverse form:

sp5Cpqeq2hpkDk1lpQ,
~1b!

Ei52hiqeq1b ikDk1piQ.

In Eqs. ~1a! and ~1b! sp and ep are the elastic stress an
strain, respectively;Di and Ei are the electric displacemen
and field, respectively.Spq , diq , andt ik are the elastic com
pliance tensor~measured in a constant electric field!, the pi-
ezoelectric tensor, and the dielectric tensor~measured at a
constant stress!, respectively.Dp andg i are thermal expan
sion and pyroelectric coefficients, respectively, andQ is the
temperature change with respect to a reference tempera
The well known contracted notation for tensors is adopte9

We introduce the matrix representation for these quantiti

X5F e
DG Y5Fs

EG P5FSd dt

t G Q5F C
2h

2ht

b G
G5FD

gG P5Fl

pG , ~2!

where the superscriptt is used to denote the transpose
matrix, X and Y and 931 column vectors representing th
ay 2001 to 131.215.48.8. Redistribution subject to AI
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electroelastic field variables,P andQ are 939 matrices rep-
resenting the electroelastic moduli, andG and P are 931
column vectors representing the thermal moduli. The con
tutive Eqs.~1a! and ~1b! can then be rewritten as:

X5PY1GQ,
~3!

Y5QX1PQ.

By choosing different independent variables, other repres
tations can be realized. We adopt the current representa
because it leads to a positive definite energy function
moduli matricesP and Q, which are advantageous for th
development of variational bounds.10

Assuming statistical homogeneity of a heterogene
solid subjected to external loading consistent with the u
form fieldsY0 with Q50, the effective electroelastic modu
P* can be defined as:

^X&5P* ^Y&, ~4!

where ^–&5*(–)dV(u,w,f) denotes an orientational vol
ume average. Due to linearity:

Y~u,w,f!5A~u,w,f!Y0, ~5!

where~u,w,f! are Euler angles that describe the orientat
of a grain in the polycrystal~see, for example, Roe!,11 and
A~u,w,f! are the concentration tensors for a grain at the o
entation~u,w,f!. Substituting Eq.~5! into Eq. ~4!, combined
with the constitutive Eq.~3! for individual grains at different
orientations, and the average field theorems for hetero
neous piezoelectric solids,12 the effective moduli can be writ-
ten as:

P* 5^P~u,w,f!A~u,w,f!&. ~6!
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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TABLE II. Restrictions on the thermal and electroelastic moduli for the existence of uniform thermoelectroelastic fields under various loadings.

Loads Elastic Piezoelectric Dielectric Thermal Symmetry

s1 or S115S22 , S135S23 , d315d325d115d12 None None sixfold
s2 S6652(S112S12), 5d215d225d165d26

S145S155S165S24 5d3650
5S255S265S365S46

5S5650
s3 S135S23 , S3650 None None None six, four, threefold
s4 or S445S55 , S145S155S24 d155d24 , d1452d25 None None six, fourfold
s5 5S255S455S465S56

50
s6 S115S22 , S135S23 , d315d32 , d115d12 , None None sixfold

S6652(S112S12), d215d22 , d165d26

S145S24 , S155S25 , 5d3650
S165S265S365S46

5S5650
E1 or None d155d24 , d1452d25 , t115t22 , None six, fourfold
E2 d115d125d215d22 t1250

5d165d2650
E3 None d315d32 , d3650 None None six, four, threefold
Q None None None D15D2 , six, four, threefold
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P~u,w,f! are the electroelastic moduli of a grain at orien
tion ~u,w,f! expressed in the global~specimen! coordinate
system. It is clear from Eq.~6! that estimation of effective
moduli depends on the estimation of the concentration
sors A~u,w,f!. The simplest assumption isA(u,w,f)5I ,
where in matrix notationI is the 939 identity matrix. This
amounts to assuming that the stress and electric field
uniform in the polycrystal and leads to:

P* 5^P~u,w,f!&. ~7!

Analogously, by assumingX(u,w,f)5B(u,w,f)X0, and
letting B(u,w,f)5I , we find:

P* 5^P21~u,w,f!&21, ~8!

where the superscript-1 denotes matrix inversion.
On the other hand, when the heterogeneous solid is

jected to the temperature changeQ with Y050, the effective
thermal moduli can be defined by:

^X&5G* Q. ~9!

Introducing thermal concentration factorsa~u,w,f! defined
by Y(u,w,f)5a(u,w,f)Q, the effective thermal modul
can be expressed as:

G* -^P~u,w,f!a~u,w,f!1G~u,w,f!&. ~10!

This is achieved by substituting the constitutive Eq.~3! into
Eq. ~9!, combined with the average field theorems. The s
plest assumptiona(u,w,f)50 yields:
Downloaded 03 May 2001 to 131.215.48.8. Redistribution subject to AI
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G* 5^G~u,w,f!&. ~11!

The physical implication of this assumption is that no dist
bances of the stress and electric fields develop in the p
crystal due to the temperature change.

Equations~7!, ~8!, and ~11! are exact when the electro
elastic fields in the polycrystal caused by the external load
are uniform. Equations~7! and~8! are the piezoelectric ana
log of the Voigt and Reuss averages for heterogeneous e
tic solids.13,14 Using a minimum potential theorem and th
positive definiteness ofP, Li and Dunn10 have shown that the
Voigt and Reuss estimates provide upper and lower bou
for the effective electroelastic moduli of heterogeneous
ezoelectric solids. When there is an exact solution for
electroelastic moduli, the upper and lower bounds will th
coincide. In Sec. III we pursue the conditions that lead
uniform electroelastic fields, and then exact solutions for
effective moduli, under various thermoelectroelastic loadi

III. CONDITIONS FOR UNIFORM FIELDS AND EXACT
SOLUTIONS

We consider piezoelectric polycrystals with a fiber te
ture where all grains have the same symmetry axis alig
along thex3 direction~normal to the plane for a planar film!.
For this class of materials, the individual grains respond
exactly the same way to the applied loading under cer
conditions, regardless of their orientations, so that the e
etry
TABLE III. Exact solutions for the thermoelectroelastic moduli for polycrystals with rotational symm
around thex3 axis.

Symmetry Elastic Piezoelectric Dielectric Thermal

Sixfold All All All All
Fourfold S135S23 , S555S44 , S33 d1452d25 , d155d24 , d315d32 , d33 t115t22 , t33 D15D2 , D3

Threefold S135S23 , S33 d315d32 , d33 t33 D15D2 , D3

Twofold None None None None
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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troelastic fields in the polycrystalline are uniform, and t
effective thermoelectroelastic moduli can be found exac
To pursue the conditions for such uniform fields, conside
single crystal, possessing a six, four, three, or twofold sy
metry axis parallel to thex3 axis. The rotational symmetrie
of such a single crystal place restrictions on the electroela
moduli, which are summarized in Table I. The restrictions
the thermal expansion coefficients are the same as thos
the dielectric constants and the only nonzero pyroelec
constant isg3 . As a result, for crystals possessing six, fo
three, or twofold symmetry, the constitutive Eq.~3! can be
reduced to:

3
e1

e2

e3

e4

e5

e6

D1

D2

D3

4
53

S11 S12 S13 S14 S15 S16 d11 d21 d31

S12 S22 S23 S24 S25 S26 d12 d22 d32

S13 S23 S33 0 0 S36 0 0 d33

S14 S24 0 S44 S45 S46 d14 d24 0

S15 S25 0 S45 S55 S56 d15 d25 0

S16 S26 S36 S46 S56 S66 d16 d26 d36

d11 d12 0 d14 d15 d16 t11 t12 0

d21 d22 0 d24 d25 d26 t12 t22 0

d31 d32 d33 0 0 d36 0 0 t33

4
33

s1

s2

s3

s4

s5

s6

E1

E2

E3

4 13
D1

D2

D3

0
0

D6

0
0
g3

4 Q. ~12!

We now consider simple thermoelectroelastic loadin
of the polycrystal, where only one of the tensp , Ei , or Q is
nonzero, and determine under what conditions the co
sponding strain and electrical displacement states in i
vidual grains are invariant with respect to a rotationa about
the x3 direction of the grain. Since all grains have the sa
symmetry axis aligned along thex3 direction, this invariance
means that all grains respond in an identical way to the
ternal loading. In such a situation, the grains do not dist
each other, so no elastic and electric field fluctuations
velop. The corresponding strain and electrical displacem
developed in the grains under a particular external load
Downloaded 03 May 2001 to 131.215.48.8. Redistribution subject to AI
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can be obtained from Eq.~12!. The resulting electroelastic
fields are invariant under the rotationa around thex3 direc-
tion if, and only if, the thermoelectroelastic moduli involve
in a particular loading do not change under such a rotat
so that they are identical before and after the tensor trans
mation. Here we demonstrate the derivation of these co
tions for external loadss1 , E1 , andQ. For all other cases
only the final conditions are given and these are summar
in Table II. The exact solutions for the effective electroela
tic moduli under a particular rotational symmetry are th
summarized in Table III.

A. Case 1: Applied s1

When onlys1 is applied, Eq.~12! shows that the corre
sponding strains and electric displacements are connecte
s1 by S11, S12, S13, S14, S15, S16, d11, d21, and d31.
These constants are invariant under a rotation about thx3

axis if the following equations, derived from the transform
tion laws for 4th and 3rd rank tensors, are satisfied:

S11~cos4 a21!1S22sin4 a1~2S121S66!cos2 a sin2 a

12 cosa sina~S16cos2 a1S26sin2 a!50,

2~S262S16!cos 2a1~S111S2222S122S66!sin 2a50,

S36cosa1~S232S13!sina50,

S14~cos3 a21!1~S462S15!cos2 a sina1~S242S56!sin2a

3cosa2S25sin3 a50,

S15~cos3 a21!1~S141S56!cos2 a sina1~S251S46!sin2a

3cosa1S24sin3 a50,

S16~cos4 a21!2S26sin4 a13~S262S16!cos2 a sin2 a

1cosa sina@~S6612S1222S11!cos2 a

2~S6612S1222S22!sin2 a#50,

d11~cos3 a21!1d22sin3 a1cosa sin a

3@~d161d21!cosa1~d121d26!sina!] 50,

d21~cos3 a21!2d12sin3 a1cosa sin a

3@~d262d11!cosa1~d222d16!sina!] 50,

~d322d31!sina1d36cosa50.

In order to satisfy all of these conditions for any anglea, one
can easily verify that it requiresS115S22, S135S23, S66

52(S112S12), S145S155S165S245S255S265S365S46

5S5650, d315d32, and d115d125d215d225d165d26

5d3650. This requires that the crystal possess sixfold sy
metry around thex3 axis. Four, three, and twofold symmetr
will not satisfy all the conditions. As a result,S11, S12, S13,
andd31 are exact in a polycrystal composed of crystals w
a sixfold symmetry axis aligned in thex3 direction.

B. Case 2: Applied E1

When onlyE1 is applied, the corresponding strains a
electric displacements are connected toE1 by d11, d12, d14,
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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d15, d16, t11, andt12. These constants are invariant unde
rotation about thex3 if the following equations, derived from
the transformation laws for second and third rank tensors,
satisfied:
d11~cos3 a21!1d22sin3 a

1cosa sina@~d161d21!cosa1~d121d26!sina!] 50,

d12~cos3 a21!1d21sin3 a

1cosa sina@~d222d16!cosa1~d112d26!sina!] 50,

~d242d15!cosa2~d141d25!sina50,

~d141d25!cosa1~d242d15!sina50,

d16~cos3 a21!2d26sin3 a1cosa sina@~d2612d1222d11!

3cosa2~d1612d2122d22!sina] 50,

2t12cosa1~t222t11!sina50,

2t12sina1~t112t22!cosa50.

These conditions are satisfied ifd155d24, d1452d25, d11

5d125d215d225d165d2650, t115t22, andt1250, which
requires that the crystal possess six or fourfold symme
around thex3 axis. Three and twofold symmetry will no
satisfy all the conditions. As a result,d15, d14, andt11 are
exact in polycrystal composed of crystals with a six or fo
fold symmetry axis aligned in thex3 direction.

C. Case 3: Applied Q

When there is only a temperature change applied,
corresponding strains and electric displacements are re
to Q by D1 , D2 , D3 , D6 , and g3 . These constants ar
invariant under a rotation about thex3 axis if the following
equations, derived from the transformation laws for first a
second rank tensors, are satisfied:

D6 cosa1~D22D1!sina50,

D6 sina1~D12D2!cosa50.

These are satisfied ifD650 and D25D1 , which requires
that the crystal possess six, four, or threefold symmetry. A
result,D1 , D3 , andg3 are exact in polycrystal composed
crystals with a six, four, or threefold symmetry axis align
in x3 direction.

For polycrystals composed of single crystals with a s
fold symmetry axis aligned along the samplex3 axis, all of
the effective thermoelectroelastic moduli are exact, and
equal to the single crystal values. As a result, rigorous up
and lower bounds on the electroelastic moduli should co
cide. For polycrystals composed of single crystals with
twofold symmetry axis aligned along thex3 axis, none of the
effective moduli are exact. For four and threefold symme
a subset of the material moduli are exact. This is the c
regardless of the overall symmetry of the polycrystal. It
worthwhile to mention that for threefold symmetry,t11

5t22 is exact if the piezoelectric effect is absent. When
ezoelectric effects exist, constraint on the piezoelectric c
stants whenE1 or E2 is applied are not satisfied by crysta
with threefold symmetry, even though constraints on the
Downloaded 03 May 2001 to 131.215.48.8. Redistribution subject to AI
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electric constants are satisfied. The thermal expansion c
ficientsD15D2 , however, are still exact, since the couplin
between the thermal and electric field is one-way, i.e.,
thermal field induces an electric field, but the electric fie
does not influence the thermal field.

IV. ORIENTATIONAL AVERAGES AND ELEMENTARY
BOUNDS

In the previous section we showed that exact solutio
exist for some of the thermoelectroelastic moduli of po
crystals with fiber texture. In this section, we develop expr
sions for bounds on these moduli under more general co
tions when exact solutions do not exist. We show that
bounds coincide~with each other at the exact solution! when
the criteria of the previous section are satisfied. To proce
we describe the orientation distribution of grains in the po
crystal by an orientation distribution function~ODF!
w(j,w,f), wherej5cosu, andu, w, andf are Euler angles
describing the orientation of a grain. The orientational av
age of a single crystal tensorial propertyH weighted by the
ODF is given by:

^H&5E
0

2pE
0

2pE
21

1

H~j,w,f!w~j,w,f!djdwdf, ~13!

whereH~j,w,f! is the single crystal value ofH expressed in
the sample coordinate system. To evaluate^H&, we follow
Roe11 and expandw(j,w,f) and H~j,w,f! in a series of
generalized associated Legendre functions:

w~j,w,f!5 (
l 50

l 5`

(
m52 l

l

(
n52 l

l

WlmnZlmn~j!e2 imwe2 inf,

~14!

H~j,w,f!5 (
l 50

l 5`

(
m52 l

m5 l

(
n52 l

n5 l

H lmnZlmn~j!e2 imwe2 inf.

~15!

HereZlmn(j) are the generalized associated Legendre fu
tions, and

Wlmn5
1

4p2 E
0

2pE
0

2pE
21

1

W~j,w,f!

3Zlmn~j!eimweinfdjdwdf, ~16!

H lmn5
1

4p2 E
0

2pE
0

2pE
21

1

H~j,w,f!

3Zlmn~j!eimweinfdjdwdf ~17!

are the coefficients of the series. The texture coefficie
Wlmn are thus sufficient to describe the orientation distrib
tion function of the grains in the polycrystalline aggrega
Normalization of the ODF results inW00051/4&p2. Using
Eqs. ~14! and ~15!, and taking into account the orthogon
property ofZlmn(j), Eq. ~13! can be written as:

^H&54p2(
l 50

R

(
m52 l

l

(
n52 l

l

H lmnWlmn . ~18!
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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HereR is the rank of tensorial propertyH. The range on the
first summation results because only the firstR terms in the
series expansions of Eqs.~16! and~17! need to be considere
in averaging a tensorial property of rankR.15

Let us now focus on polycrystals with a fiber texture, b
otherwise arbitrarily oriented in thex1–x2 plane, composed
of 2 mm single crystals with electroelastic and therm
moduli of the following form:

3
S11 S12 S13 0 0 0 0 0 d31

S12 S22 S23 0 0 0 0 0 d32

S13 S23 S33 0 0 0 0 0 d33

0 0 0 S44 0 0 0 d24 0

0 0 0 0 S55 0 d15 0 0

0 0 0 0 0 S66 0 0 0

0 0 0 0 d15 0 t11 0 0

0 0 0 d24 0 0 0 t22 0

d31 d32 d33 0 0 0 0 0 t33

4
and 3

D1

D2

D3

0
0
0
0
0
g3

4 . ~19!

This structure represents a broad class of piezoelectric c
tals, where point groups 4 and 6 mm are special cases. N
we assume that the polycrystal exhibits overall orthorhom
symmetry. For this combination of crystal and polycrys
symmetry, the nonzero independent texture coefficients
only W100, W200, W222, W300, W322, W400, W422, and
W444. With this crystal and polycrystal symmetry, we com
puted the Voigt and Reuss averages for the effective mo
P andQ of Eq. ~2! which are upper and lower bounds onP
and Q. When the solution for a component of the effecti
moduli is exact, the Voigt and Reuss bounds coincide. T
Voigt and Reuss averages for the effective electroela
moduli are tabulated in Table IV. The averaging scheme
the thermal expansion coefficients is the same as that
dielectric constants. The average value for the pyroelec
coefficient is g3* 54A2/3p2g3W100. When Wlmn50, the
material is isotropic, and there are no piezoelectric or py
electric effects. These effects are also absent when
sample possesses a center of symmetry which result
W1005W3005W32250. The orientational averages in Tab
IV can be used to estimate the upper and lower bound
electroelastic moduli of polycrystals with fiber texture.

The derivations of the nonzero texture coefficients fo
polycrystal with a fiber texture deserve more discussion.
polycrystals with a fiber texture alongx3 , the texture coef-
ficients depend on the texture in thex1-x2 plane. Given the
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orientation distribution in thex1-x2 plane, we compute the
texture coefficients according to Eq.~16!. For this purpose
let us assume an arbitrary distribution functionf (f) in x1-x2

plane, wheref is the angle betweenX1 of the local crystal
system andx1 of global sample system. The ODF can th
be written as:

w~j,w,f!5d~j21! f ~f!, ~20!

whered(j21) is the Dirac delta function used to denote t
perfect alignment of the grains. The only restrictions onf (f)
is that it is normalized and must satisfy the sample and c
tal symmetry elements.14 Substituting Eq.~20! into Eq. ~16!,
we obtain the following nonzero texture coefficients:

W1005
A3/2

4p2 , W2005
A5/2

4p2 ,

W3005
A7/2

4p2 W4005
A9/2

4p2 ,

W2225W2225
A5/2

4p2 E
0

2p

f ~f!ei2fdf,

~21!

W3225W3225
A7/2

4p2 E
0

2p

f ~f!ei2fdf,

W4225W4225
A9/2

4p2 E
0

2p

f ~f!ei2fdf,

W4445W4445
A9/2

4p2 E
0

2p

f ~f!ei4fdf.

Interestingly,W100, W200, W300, andW400 are independen
of the texture in thex1-x2 plane. Equations~21! can be used
with the results in Table IV to compute the electroelas
moduli. For 2 mm crystals where there is only a twofo
symmetry axis, there are no exact solutions available acc
ing to Table III. This can also be verified by Eq.~21! and
Table IV, since the Voigt–Reuss upper and lower bounds
not coincide. For a polycrystal composed of 4 mm tetrago
crystals so that there is a fourfold symmetry axis, all of t
thermoelectroelastic moduli are exact, exceptS11 and S66,
according Table III. This is also evident from the results
the Voigt–Reuss averages summarized in Table IV and
texture coefficients in Eq.~21!. The upper bound onP was
calculated directly using the Voigt averages. The low
bound onP was calculated by invertingP to obtainQ as a
function ofP, computing the Reuss average ofQ, and finally
inverting these results to obtain the lower bounds. We v
fied that all of the bounds do indeed coincide and recover
single crystal values, except forS11 and S66, regardless of
the texture inx1-x2 plane, i.e., the value ofW222, W322,
W422, andW444. When the constituent crystals exhibit 6 m
symmetry, the upper and lower bounds forS11 andS66 also
coincide, regardless of the texture in thex1-x2 plane.
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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TABLE IV. ~a! Elastic moduli of an orthorhombic polycrystal with a fiber texture in terms of single crysta~2
mm! moduli and the texture coefficients.

Elastic moduli

^S11&5S11
0 1hW2001kW22213iW4001mW4221nW444,

^S12&5S12
0 12 jW2001 iW4002nW444,

^S13&5S12
0 2 jW2001 lW22224iW4002mW422,

^S22&5S11
0 1hW2002kW22213iW4002mW4221nW444,

^S23&5S12
0 2 jW2002 lW22224iW4001mW422,

^S33&5S11
0 22hW20018iW400,

^S44&52(S11
0 2S12

0 )2(a22c)W2001(2e2d)W222216bW40014f W422,
^S55&52(S11

0 2S12
0 )2(a22c)W2002(2e2d)W222216bW40024f W422,

^S66&52(S11
0 2S12

0 )2(a22c)W20014bW40024gW444,
^C11&5C11

0 1aW2001dW22213bW4001 f W4221gW444,
^C12&5C12

0 12cW2001bW4002gW444,
^C13&5C12

0 2cW2001eW22224bW4002 f W422,
^C22&5C11

0 1aW2002dW22213bW4002 f W4221gW444,
^C23&5C12

0 2cW2002eW22224bW4001 f W422,
^C33&5C11

0 22aW20018bW400,

^C44&5
C11

0 2C12
0

2
2

a22c

4
W2001

2e2d

4
W22224bW4001 f W422,

^C35&5
C11

0 2C12
0

2
2

a22c

4
W2002

2e2d

4
W22224bW4002 f W422,

^C66&5
C11

0 2C12
0

2
2

a22c

4
W2001bW4002gW444,

where
S11

0 5(3S1112S1212S1313S2212S2313S331S441S551S66)/15,
S12

0 5(2S1118S1218S1312S2218S2312S332S442S552S66)/30,
h52A10p2(6S1114S1222S1316S22

22S23212S332S442S5518S66)/105,
i 5&p2(3S1112S1228S1313S2228S2318S3324S4424S551S66)/210,
j 52A10p2(S11110S1225S131S2222S331S441S5522S66)/105,
k52A10p2(6C1112C1326C2222C232S441S55)/35,
l 52A10p2(S111S132S222S231S442S55)/35,
m52&p2(S1122S132S2212S231S442S55)/21,
n5&p2(S1122S121S222S66)/6,
C11

0 5(3C1112C1212C1313C2212C2313C3314C4414C5514C66)/15,
C12

0 5(C1114C1214C131C2214C231C3322C4422C5522C66)/15,
a54A10p2(3C1112C122C1313C22

2C2326C3322C4422C5514C66)/105,
b5&p2(3C1112C1228C1313C22

28C2318C33216C44216C5514C66)/210,
c52A10p2(C11110C1225C131C2222C3314C4414C5528C66)/105,
d54A10p2(3C111C1323C222C2322C4412C55)/35,
e52A10p2(C111C132C222C2314C4424C55)/35,
f 52&p2(C1122C132C2212C2314C4424C55)/21,
g5&p2(C1122C121C2224C66)/6.

~b! Piezoelectric moduli for an orthorhombic polycrystal with a fiber texture in terms of single crystal~2
mm! moduli and the texture coefficients.

Piezoelectric moduli

^d15&5
4A6p2

15
uW1001

4A14p2

35
vW3001

4A14p2

21
wW322,

^d24&5
4A6p2

15
uW2001

4A14p2

35
vW3002

4A14p2

21
wW322,

^d31&5
4A6p2

15
xW1001

2A14p2

35
vW3001

2A14p2

21
wW322,

^d33&5
4A6p2

15
xW1001

2A14p2

35
vW3002

2A14p2

21
wW322,

^d33&5
4A6p2

15
yW1002

4A14p2

35
vW300,

^h15&5
2A6p2

15
pW1001

2A14p2

35
qW3001

2A14p2

21
rW322,

^h24&5
2A6p2

15
pW1001

2A14p2

35
qW3002

2A14p2

21
rW322,
ay 2001 to 131.215.48.8. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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TABLE IV. ~Continued!

^h31&5
4A6p2

15
sW1001

2A14p2

35
qW3001

2A14p2

21
rW322,

^h33&5
4A6p2

15
sW1001

2A14p2

35
qW3002

2A14p2

21
rW322,

~h33&5
4A6p2

15
tW1002

4A14p2

35
qW300,

where
u5(3d1513d2422d3122d3214d33)/2,
v5d151d241d311d3222d33 ,
w5d152d241d312d32 ,
x5(2d152d2414d3114d3212d33)/2,
y5d151d241d311d3213d33 ,
p53h1513h242h312h3212h33 ,
q52h1512h241h311h3222h33 ,
r 52h1522h241h312h32 ,
s52h152h2412h3112h321h33 ,
t52h1512h241h311h3213h33 .

~c! Dielectric moduli for an orthorhombic polycrystal with a fiber texture in terms of single crystal modu~2
mm! and the texture coefficients.

Dielectric moduli

^t11&5t01
2A10p2

15
xW2001

2A10p2

5
~t112t22!W222,

^t22&5t01
2A10p2

15
xW2002

2A10p2

5
~t112t22!W222,

^t33&5t02
4A10p2

15
xW200

^b11&5b01
2A10p2

15
vW2001

2A10p2

5
~b112b22!W222,

^b22&5b01
2A10p2

15
vW2002

2A10p2

5
~b112b22!W222,

^b33&5b02
4A10p2

15
vW200,

where

t05
t111t221t33

3
,

x5
t111t2222t33

3
,

b05
b111b221b33

3
,

v5
b111b2222b33

3
.
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To further demonstrate the results, consider a tra
versely isotropic polycrystal composed of 4 mm single cr
tals. In this case,W2225W3225W4225W44450. The bounds
on S11 andS66 can be expressed as:

2~S11
2 2S12

2 !1~3S112S12!S66

2~2S1122S121S66!

<^S11&<
6S1112S121S66

8
, ~22!

4~S112S12!S66

2S1122S121S66
<^S66&<S112S121

S66

2
. ~23!
ay 2001 to 131.215.48.8. Redistribution subject to AI
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One can readily verify that the upper and lower bounds
incide when 2(S112S12)5S66, which reduces the fourfold
symmetry to sixfold symmetry, again consistent with the
sults of Table III.

Finally, we show some numerical results for piezoele
tric BaTiO3 polycrystals having film textures. The electro
elastic moduli of both materials and the correspond
Voigt–Reuss averages are listed in Table V, where the sin
crystal values of BaTiO3 are obtained from Berlincourt an
Jaffe.16 Only those effective properties without exact sol
tions are listed, i.e.,S11 andS66. For those not tabulated, th
exact solutions recover the single crystal values. For
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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components tabulated in Table V the bounds are quite t
and both the upper and lower bounds would seem to
reasonable estimates of the polycrystal property.

V. CONCLUSIONS

We have determined the conditions that permit exact
lutions for some thermoelectroelastic moduli of piezoelec
polycrystals with fiber texture. This was accomplished by
establishment of uniform electroelastic fields in polycryst

TABLE V. Electroelastic moduli of BaTiO3 single crystals and polycrystal
with film textures. Units ofSi j are Pa212, of di j are 10212 m/V, and oft i j

are 1029 C2 Nm2.

S11 S12 S13 S33 S44 S66

8.05 22.34 25.25 15.72 18.42 8.84
d31 d33 d15 t11 t33

234.50 85.60 392.27 25.79 1.46
S11

U S11
L S66

U S66
L

6.56 5.95 14.84 12.41
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with fiber texture. More general expressions for bounds a
estimates on polycrystal properties in terms of single cry
moduli and the appropriate texture coefficients were also
veloped. These were used to verify the exact solutions.
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